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Introduction

Let A=(a,) be an nxn real

matrix whose entries satisfy |a,./| <1

for all #,j. Then Idet(A)| <n"?.
Equality holds if and only if a, = +1

forall i, j and AA" =nl .
An nxn matrix [h,]is called a
Hadamard matrix of order nif
h, =1 foreach i, j and

HH" =nl.

It is conjectured that a Hadamard
matrix of order n exists if and only if
n=1, 2orn=0(mod4) (Anderson,
1974).

A new Hadamard matrix can always
obtain from a known Hadamard
matrix. If H is mnxn Hadamard
matrix, we can define a 2nx2n
matrix K by

. _[H H
K= [H -H]

If A=(a,),., and B are matrices,
their tensor product (Kronecker
product) is defined by
a;18 @28 Q1,8
. a:18 a:.B Q>nB
A®B = : E
@B @,2B Qpn B
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Methodology

A X2 matrix M with entries in a
finite multiplicative group T of order
w where 17/ is a generalized
Hadamard matrix GH(w,v/w) over
C if, i#k and
the list of

quotients m,,.m,:j1 , 1< j <v,contains

whenever

each element of C exactly v/w
times. A GHw,v/w) is a
normalized if the first row and first
column consist entirely of the identity
element of € (Rutson, 1962), (Haden,
1997).

For instance, setting C = {il} makes
it clear that a Hadamard matrix of
order v is a GH(2, v/2). A

GH(4, v/4) with C={t1,+i} is
a complex Hadamard matrix of order
V.

However, non-abelian examples of C
are known: De Launey construct
GH(w,v/w) with entries from non-
abelian groups of prime-power order.
No example is known of a
GH(w,v/w) for which wis not a
prime power. No example is known
of a GH (w,v/w) will still give a
GH (w,v/w) for which wis not a
prime power. Left multiplying a row
or right multiplying a column, of a
GH (w,v/w)will still give a
GH (w,v/w) (De Launey, 1984).
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Construction of generalized
Hadamard matrices by using
generalized Hadamard difference
sets

Theorem A GHDS(H;G)is
equivalent to- aGH(h;G)which is
developed modulo H .

Theorem Let p be a prime. The set
S, ={Gp+i)|i,j=0l,......., p~1}
isa GHDS(Z » ~Z , ).In general, the

circulant p® x p®> matrix where first

(ip + J)" entry;
equal to

jj(mod p) isaGH(p*;Z ).

row

Construction Kronecker

Froduct

using

Proposition If H and H' are GH-
matrices of orders r
respectively defined over an abelian
group G, then the  Kronecker
product Hx H' is a GH —matrix of
order rr’ over G.

Results

Construction of some generalized
Hadamard matrices are given in Table
1 (Appendix).

Non-Existence of some generalized
Hadamard matrices

For groups G and H with ]Gi:g
and lH l = A, potential generalized
Hadamard matrices GH(g,A) and

GH (A, g) satisfy reciprocity relation

provided both exist or both do not
exist.
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Eg.GH(3,5) and GH(5.3) are
reciprocally non-existent, as in each
case the pertinent reduced equation is
of the form 5a” =3b% +¢°.

This equation has no nontrivial
integer solutions (a,b,c),since t3
is a quadratic non-residue of 5.

Theorem: Let A be a prime number.
5+1 A-1

If (-<1)2 A4 and (=1) 2 Aare both

quadratic non-residues of 5, or if
5+1 A-1

(<-1) 25 and (-1) 2 5 are both
quadratic non-residues of A, then
GH(5,4) and GH(A,5) constitute a
reciprocally non-existent pair (De
Launey ,1984).

Corollary: If 7+5k is a prime
number, then GH(5,7+5k)and
GH (7 + 5k, 5) constitute a

reciprocally non-existent sequence of
potential  generalized  Hadamard
matrices.

Eg.GH(5,17) and GH(17,5) do not
exist.

p=4k+3
g =4k +5 be prime numbers, where
2 is a quadratic non-residues of p.

Theorem Let and

Then (p,q) is a reciprocal pair.

Reciprocity Theorem Let
p=4k+3 and a=4/+5 be odd
primes which satisfy  Eulers’s
conditiona”™"’? = ~1(mod p) Then
GH(a, p) and GH(p,a) constitute

a reciprocal non-existent pair of
generalized Hadamard matrices over
groups G and H of order p and a
respectively.
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E.g. 3,17 are reciprocal pair and if
p=3 and a=17 then it satisfies
Euler’s condition. Therefore
GH@3,17) and GH(17,3) do not

exist.

Conclusion

Hadamard matrices of order up to 100
have been constructed and exhibited
in the Table 1 (Appendix). Further,
existence and non-existence of some
generalized Hadamard matrices are
also discussed in this research work.
These can be used to construct
corresponding Relative difference sets
and Group divisible designs.
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Table 1. Construction of some generalized Hadamard matrices

[ Fat
n{0|t0 |20 (30 |40 |30 |60 0 |so |so |f
A%
0 52 123132 |2 25152 2.5 ja3st
) _ - 10
1 11 |3.7131 |41 3,17 |6t 1 81 ;
212134 117]32 213 312 [293 (4317 [2.23
io
303 |13 |23 43 33 3 73 3 ;"
414 |72 23170 |21 |27:3)63 |37 |2 470 |2
s[5 133125 (5.7 511 [3.13 317 33
6 | 32|16 [132]493]23 |82 219 |43 342
- — - = - - o - i
71717 |27 |3 47 67 3.29 |87 i3
3.9 - . . - -
8 |8 |77 (2719 332129 |21 2 47°.7 134
in
9 |9 |19 |29 49 |39 75 139 o
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